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Abstract
For all three–dimensional Lie algebras the construction of generators in terms
of functions on 4-dimensional real phase space is given with a realization of the Lie
product in terms of Poisson brackets. This is the classical Jordan–Schwinger map
which is also given for the deformed algebras SLq(2, IR), Eq(2) and Hq(1). The
Uq(n) algebra is discussed in the same context.
1 Introduction
The Jordan-Schwinger map [1],[2], is well known to physicists in connection with the
realization of the SU(2) algebra in terms of polynomials of creation and annihilation
operators,a†, a, for the two–dimensional harmonic oscillator. This map allows to con-
struct all the irreducible representations of the group SU(2) using the states of two–
dimensional harmonic oscillator and the technique of creation and annihilation oper-
ators: in fact through this map the angular momentum operators may be expressed
as quadratic forms in a†i , ai. This map is a particular case of the second quantization
procedure due to which generators of any Lie algebra may be realized as quadratic
forms in creation and annihilation operators, of bosonic or fermionic kind, if a matrix
representation of this Lie algebra is given.
This map has also been used ([3], [4]) in connection with realizations of SLq(2), where
generators may be realized as quadratic forms of q-oscillators. Here and in the following
∗on leave from Lebedev Physics Institute, Moscow
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we shall mean with SL(2) the complex Lie algebra A1 in the Cartan classification, whose
real forms are SU(2), SL(2, IR) and SU(1, 1). When needed we will choose one of them.
An abstract Lie algebra, G, may be realized not only in terms of operators but also
in terms of functions on Poisson manifolds ([5]), the Lie bracket now being the Poisson
bracket. Realizations of this kind exist, in fact, naturally when Poisson manifolds are
submanifolds of G∗, the dual of G ([6],[7],[8]). It is then natural to ask whether Poisson
maps exist between generic manifolds and G∗. In section 2 we will be interested
in finding these Poisson maps between C2, equipped with the standard symplectic
structure, and SL(2)∗. This is what we may call a classical Jordan–Schwinger map
and it is already available in the literature ([9], [10]). As we already mentioned, it is
through the Jordan–Schwinger map that a realization of SLq(2) was given in terms of
2–dimensional q–oscillators; analogous objects can be introduced in the classical setting.
These classical hamiltonian systems may be of interest per se, showing a particular non
linearity in the energy dependence of the frequency ([11]). Another reason for such
a study is that the two kinds of realizations are connected by the Dirac map ([12]),
that is by canonical quantization procedure. This would allow hopes to transfer results
obtained in the classical context to the quantum one, a part from ordering problems.
In section 3 all the three–dimensional Lie algebras are considered with respect to
their realization as Poisson algebras and the relevant maps, which we will call generalized
classical Jordan–Schwinger maps, are given.
The subject of section 4 deals with effects of deformation on the Jordan–Schwinger
map, while in sections 5 and 6 we comment on the possibility to extend the above
constructions to higher dimensional Lie algebras, taking into particular consideration
SUq(n).
2 The Jordan–Schwinger map and its classical analogue
We review very briefly the Jordan–Schwinger map as it was introduced by Schwinger
to deal with angular momentum in terms of creation and annihilation operators.
A realization of the Lie algebra SL(2) in terms of creation and annihilation operators,
ai, a
†
i , i ∈ {1, 2}, satisfying standard commutation relations
[ai, a
†
i ] = δij
is provided by
X+ = a
†
1a2 , X− = a
†
2a1 , X3 =
1
2
(nˆ1 − nˆ2) (1)
with nˆi = a
†
iai, i = 1, 2. We have in fact
[X±,X3] = ∓X± [X+,X−] = 2X3. (2)
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To consider a classical analogue of this realization, we apply a ”dequantization pro-
cedure”, i.e. we replace operators with functions on phase space and commutators with
Poisson brackets. To be definite we will consider the Lie algebra of SL(2, IR). Usually
Poisson brackets are defined in real phase space for real-valued functions. As in our
”dequantization procedure” we replace creation and annihilation operators by complex-
valued functions on real phase space, we have to extend the usual definition of Poisson
brackets to the case of complex-valued functions. We recall that this extension can be
defined by linearity. For two complex-valued functions f = f1 + if2 and g = g1 + ig2
for which real and imaginary terms are real functions on the phase space, we have
{f, g} = {f1, g1} − {f2, g2}+ i({f1, g2}+ {f2, g1}). (3)
Here {fi, gk} are given by the standard Poisson brackets for real functions on the phase
space with coordinates pi, qi
{pi, qj} = δij , {pi, pj} = {qi, qj} = 0. (4)
Then for complex variables zi, z
∗
k, zi =
1√
2
(pi+ iqi) the symplectic Poisson brackets are
given by
{z∗i , zj} = iδij . (5)
A realization of SL(2, IR) in terms of complex-valued functions is obtained by setting
X+ = iz∗1z2, X− = iz∗2z1, X3 =
i
2
(z1z
∗
1 − z2z∗2) (6)
and we get
{X±,X3} = ∓X±, {X+,X−} = 2X3, (7)
This is what we mean by a classical realization of the Lie algebra SL(2, IR), or the
classical Jordan–Schwinger map for such an algebra.
To construct the angular momentum algebra in terms of Poisson brackets, we have
used complex valued functions (6). The use of complex valued functions is convenient
but not mandatory. In fact the same algebra can be realized using real functions of qi,
pi, i = 1, 2.
The real analogue of Jordan–Schwinger map relations (6) are
Y+ = p2q1, Y− = p1q2, Y3 = 1
2
(p1q1 − p2q2) . (8)
In fact, using the brackets (4), it can be checked that these functions reproduce relations
(7), i. e. they close on the algebra of SL(2, IR).
We have shown therefore that it is possible to have Poisson brackets realization of
the Lie algebra commutation relations of SL(2, IR) in two ways. One way uses the
functions on IR4 with values in IR and the standard Poisson brackets. The other one
uses the extended definition of Poisson brackets for complex valued functions on IR4.
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Let us now investigate the geometrical and algebraic meaning of what has been done.
We started with the symplectic Poisson algebra F(IR4; IR) with the standard Poisson
bracket {pa, qb} = δab and considered a Poisson subalgebra generated by Y+, Y−, Y3.
These functions close on the Lie algebra of SL(2, IR), say G. They are functions on IR4
and linear functions on G∗, the dual of G, thus they may be taken as coordinates for G∗.
To put it more explicitly, we have constructed a map from IR4 to IR3 ≡ G∗ given by
π : (p1, q1, p2, q2)→ (p2q1, p1q2, 1
2
(p1q1 − p2q2))
With respect to the natural Poisson bracket on G∗ this map is a Poisson map, that is,
identifying (p2q1, p1q2,
1
2 (p1q1 + p2q2)) with (x+, x−, x3) ∈ G∗ and
π∗x+ = Y+ ∈ F(IR4), π∗x− = Y− ∈ F(IR4), π∗x3 = Y3 ∈ F(IR4).
we have
{π∗(x±), π∗(x3)}IR4 = π
∗({x±, x3}G∗) (9)
and similarly for the other bracket. We could use this observation to generalize the
notion of Jordan–Schwinger map. We consider a symplectic Poisson algebra F on a
symplectic manifold M and a generic n-dimensional Lie algebra, so that our definition
of (classical) Jordan–Schwinger map would be:
Definition A classical generalized Jordan–Schwinger map for a n–dimensional
Lie algebra G with structure constants ckij , is a realization of G as a n–dimensional Lie
subalgebra G˜ of F(M), where F(M) is equipped with the standard Poisson bracket.
If G˜ is realized by f1, ...fn with Poisson brackets
{fi, fj} = ckijfk (10)
we may consider the Poisson algebra on F(G∗) given by {xi, xj} = ckijxk. We have an
associated map π : M → G∗, characterized by π∗xi = fi. We notice that this map needs
not to be a projection, we will give indeed some examples where dimM < dimG∗.
Let us consider IR2 ≡ T ∗IR with standard coordinates and Poisson brackets
{p, q} = 1.
1)
π1 : IR
2 → IR3
(p, q)→ (pq, q
2
2
,−p
2
2
) ≡ (H,X+,X−)
and find
{H,X±} = ±2X± {X+,X−} = H
that is, we get a classical realization of the SL(2, IR) algebra as a subalgebra of F(IR2).
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2)
π2 : IR
2 → IR3
(p, q)→ (ep, e−p, q) ≡ (X ,Y,Z)
and find
{X ,Z} = X , {Y,Z} = −Y, {X ,Y} = 0
which is the Poincare´ algebra in three dimensions.
3)
π3 : IR
2 → IR3
(p, q)→ (sin q, cos q, p) ≡ (A,B, C)
and find
{A, C} = −B, {B, C} = A, {A,B} = 0
which is the algebra of E(2), the euclidean group in three dimensions.
Going back to the general situation, in order to give a basis independent version of
(10) let us consider a IR-linear map on the second argument
F : M × G → IR (11)
then (10) may be written in the following way
{F (u), F (v)} = F ([u, v]) (12)
where u, v ∈ G and F (u) : M → IR. If u and v are taken to be the generators of the Lie
algebra, say ei, ej , then
{F (ei), F (ej)} = F ([ei, ej ]) = ckijF (ek) (13)
which is equivalent to (10).
Let us define
Fˆ ≡ FG :M → G∗(≡ L〉\(G, IR)).
The map Fˆ could be identified with our previous definition of the classical generalized
Jordan–Schwinger map for a generic Lie algebra.
A third interpretation of the classical generalized Jordan–Schwinger map is suggested
by the last map Fˆ . Indeed let us consider a symplectic manifold (M,ω) together with
a Lie algebra G realized in terms of vector fields on M , say X1, ...,Xn,
[Xi,Xj ] = c
k
ijXk. (14)
Consider then the hamiltonian functions, f1, ..., fn, associated with these vector fields,
namely
iXkω = −dfk
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we have: Proposition A classical generalized Jordan–Schwinger map is equivalent to
a strongly symplectic action of G on M .
We recall that an action is said to be strongly symplectic if (14) implies that
{fi, fj} = ckijfk
We would like to notice that, to make our definition meaningful, the fields Xi need not
to be complete, i. e. it is not necessary that they integrate to a group.
Previous examples show that when we consider a generalized Jordan–Schwinger map
we should not expect that the subalgebra will be realized in terms of quadratic maps
like for SL(2, IR).
We can now ask if for any Lie algebra G there exists a realization in terms of a
Poisson subalgebra of a symplectic Poisson algebra F(M), for some symplectic manifold
M. The answer is positive, indeed if G is the Lie algebra of a Lie group G, we can consider
M = T ∗G and the (left or right) momentum map J : T ∗G → G∗ provides us with the
required realization. Moreover the momentum map is what we called Fˆ .
It is possible to consider a symplectic manifold of smaller dimensions. Indeed we can
consider the Lie group G and any maximal closed subgroup K . Here there is an action
of G on G/K, say the left action, if the quotient was taken with respect to the right
action of K. We set M = T ∗(G/K) and the lifted action of G to T ∗(G/K) is a strongly
symplectic map providing as with the required realization. In general, it is enough to
consider any manifold carrying a symplectic action of G if H2(G, IR) = ′, H1(G, IR) = ′.
Many examples are also constructed by starting with a representation of G, i.e. a linear
action on some vector space V and doubling the space by going to T ∗V or V C. We
shall consider this situation in Section 6.
We notice at this point that our ”dequantization” and ”quantization” procedures
associated with the Jordan-Schwinger map rely on the correspondence a+i ↔ z∗i , ai ↔ zi.
Therefore, to be able to save this correspondence we shall try to find a symplectic
realization of our Lie algebras in terms of a standard structure on IR2n or Cn. We
shall then say that we have a classical Jordan-Schwinger map (i.e. we drop the word
’generalized’) if the Lie algebra G can be realized as a Poisson sub-algebra of the real
valued or complex valued functions on IR2n. To put it differently, we are requiring that
the symplectic manifold (M,ω) should be restricted to be (IR2n, dpi ∧ dqi). We have
decided to introduce the notion of generalized Jordan–Schwinger map to make contact
with the constructions associated with geometric quantization theory ([6], [7], [8]. In the
coming section we show that for any three-dimensional Lie algebra we have a classical
Jordan-Schwinger map on T ∗IR2. We notice that, by using T ∗(G/K), with K any closed
one-dimensional subgroup, it would be possible to give a generalized Jordan-Schwinger
map on a four-dimensional symplectic manifold. Our result will show that it is possible
to take our symplectic manifold to be T ∗IR2.
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3 Three dimensional algebras in terms of Poisson brackets
As it is known ([13]), Poisson structures on IR3 can be characterized by 1-forms which
admit an integrating factor. The argument goes along the following lines. On IR3 we
consider coordinates (x1, x2, x3) along with a volume form Ω = dx1 ∧ dx2 ∧ dx3. Any
Poisson bracket defines a bivector field
Λ = cij(x)
∂
∂xi
∧ ∂
∂xj
.
By contracting Λ with Ω we find
iΛΩ = ǫ
ijkcij(x)dxk
i.e.
iΛΩ = α = A
kdxk.
The Jacobi identity is equivalent to
dα ∧ α = 0
i.e.
ǫijk(
∂Ak
∂xi
− ∂A
i
∂xk
)Aj = 0.
Locally it means that α = fdφ and cij = ǫijkf
∂φ
∂xk
. Symplectic leaves for Λ, are charac-
terized to be level sets of φ, say Σa, or by the fact that the pull–back of α to each leaf
vanishes. The 1–form α will be called a Casimir 1–form for the given brackets.
Now we are able to demonstrate
Theorem Any 3–dimensional Lie algebra acts in a strongly symplectic way on
(IR4, ω0).
The statement of the theorem is equivalent to say that every three dimensional Lie
algebra may be realized as a Poisson subalgebra of F(IR4) with the standard Poisson
structure, or which is the same, for any three–dimensional Lie algebra it is possible to
exhibit a classical Jordan–Schwinger map.
Let us demonstrate this explicitly. The following Poisson brackets provide a realiza-
tion of any real three dimensional Lie algebra when the real parameters a, b, c, n, are
selected accordingly ([13]):
{x, y} = cw + ny, {y,w} = ax, {w, x} = by − nw. (15)
These Poisson brackets satisfy the Jacobi identity if and only if
na = 0 (16)
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The Casimir 1–form is
α = (cw + ny)dw + axdx+ (by − nw)dy (17)
or in more convenient form
α = n(ydw − wdy) + d1
2
(ax2 + by2 + cw2) (18)
with
dα ∧ α = n a x dy ∧ dw ∧ dx (19)
We will show by explicit construction that all the three–dimensional algebras, which are
classified by equation (15), may be realized as subalgebras of F(IR4). Namely we will
consider all inequivalent cases described by the choice of the parameters.
Let us consider first the case when the only non zero parameter is n. We have then
{x, y} = ny, {y,w} = 0, {w, x} = −nw. (20)
This is the Lie algebra of SB(2, C) for any n 6= 0. We can define our map π : IR4 → IR3
to be given by
x = p1 + p2, y = e
nq1 , w = enq2 (21)
or, in terms of complex valued variables,
x = i(z1 + z2), y = ie
inz∗
1 w = ieinz
∗
2 . (22)
Both the subalgebras (21), (22), reproduce relations (20).
A different case corresponds to n=0 and all other parameters are positive numbers.
In this case we obtain the SU(2) algebra. A real realization of this algebra is given by
x =
1
2
(q1q2+p1p2)
√
bc, y =
1
2
(p1q2− q1p2)
√
ac, w =
1
4
(p21+ q
2
1−p22− q22)
√
ab (23)
while a complex one is
x =
1
2
(z∗1z
∗
2−z1z2)+
i
4
(z21−z22−z∗21 +z∗22 ) y =
1
2
(−z∗1z∗2+z1z2)+
i
4
(z21−z22−z∗21 +z∗22 )
w =
1
2
(z∗1z2 − z∗2z1)
If each one of the three parameters a, b, c is negative, a realization of the same algebra
will be obtained by changing the sign of all the three generators.
If one of the parameters is negative, say b, and the others are positive, we have
a classical realization of the SL(2, IR) algebra and a possible choice for the classical
Jordan–Schwinger map in terms of real functions is given by
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x =
1
2
(p1q2 + p2q1)
√
−bc, y = 1
2
(p1q2 − p2q1)
√
ac, w =
1
2
(p1q1 − p2q2)
√
−ab (24)
while in terms of complex functions it is
x =
i
2
(z1z
∗
2 + z2z
∗
1)
√
−bc, y = i
2
(z1z
∗
2 − z2z∗1)
√
ac, w =
i
2
(z1z
∗
1 − z2z∗2)
√
−ab. (25)
We will discuss now the cases when the parameter a is equal to zero and b, c are
different from zero. If both b and c are positive we have the three-dimensional E2
algebra. Then, a realization in terms of real phase space variables is
x = (p1 + p2)
√
bc y = sin(
q1 + q2
2
) w = −
√
b
c
cos(
q1 + q2
2
) (26)
and a complex realization is
x = i(z1 + z2)
√
bc y = i sin(
z∗1 + z
∗
2
2
) w = −i
√
b
c
cos(
z∗1 + z
∗
2
2
) (27)
If one coefficient is positive, say c, and the other one, say b, is negative, we have the
Poincare´ algebra in three dimensions. A possible real realization is
x = (p1 + p2)
√
−bc, y = sinh(q1 + q2
2
), w =
√
−b
c
cosh(
q1 + q2
2
) (28)
and a complex one is
x = i(z1 + z2)
√
−bc, y = i sinh(z
∗
1 + z
∗
2
2
), w = i
√
−b
c
cosh(
z∗1 + z
∗
2
2
) (29)
The last unexploited case, namely when only one coefficient is different from zero,
describes the Heisenberg-Weyl group, H(1). By choosing c to be the non-zero coefficient,
we may consider, for example, the following real realization for the algebra of this group
x = cq1 y = p1q2 w = −q2 (30)
and the complex one
x = icz∗1 y = iz1z
∗
2 w = −iz∗2 . (31)
Of course, there are many other realizations in terms of functions on IR4, for the
Heisenberg–Weyl case.
The final case of an abelian algebra, which is obtained by taking all the coefficients
in (15) equal to zero, may also be realized by many functions. We give for completeness
one of the possible realizations
x = q1p1 y = q2p2 w = I (32)
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Now we will discuss the case when a is equal to zero and the other three parameters
b, c, n are not equal to zero. This case may be reduced to the considered ones by
linear transformation of generators y and w which is equivalent to diagonalyzing the 2-
dimensional matrix (
n c
−b n
)
the eigenvalues will be
λ1 = n+
√
−bc λ2 = n−
√
−bc (33)
while the new basis of functions is
X = x
Y =
1
2
y +
√
−c
b
w
W =
1
2
y −
√
−c
b
w (34)
and satisfies the Poisson brackets
{X,Y } = λ1Y {X,W} = λ2W {Y,W} = 0 (35)
Then, depending on the values of the two parameters λ1, λ2, we may identify one of the
previous algebras.
Let us consider some realization of these relations. If the coefficients b and c have
different signs a real valued realization may be chosen to be
x = p1 + p2
y = eλ1q1 + eλ2q2 = e(n+
√−bc)q1 + e(n−
√−bc)q2
w =
√
−b
c
(eλ1q1 − eλ2q2) =
√
−b
c
(e(n+
√−bc)q1 − e(n−
√−bc)q2) (36)
and a complex one is
x = i(z1 + z2)
y = ieλ1z
∗
1 + eλ2z
∗
2 = ie(n+
√−bc)z∗
1 + e(n−
√−bc)z∗
2
w = i
√
−b
c
(eλ1z
∗
1 − eλ2z∗(2) =
√
−b
c
(e(n+
√−bc)z∗
1 − e(n−
√−bc)z∗
2 ) (37)
If the coefficients have equal signs we may choose
x = p1 + p2
y = e(n+
√
bc)q1 + e(n−
√
bc)q2
w = −
√
b
c
(e(n+
√
bc)q1 − e(n−
√
bc)q2) (38)
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in terms of real functions, and
x = i(z1 + z2)
y = i(e(n+
√
bc)z∗
1 + e(n−
√
bc)z∗
2 )
w = −i
√
b
c
(e(n+
√
bc)z∗
1 − e(n−
√
bc)z∗
2 ) (39)
If one of the coefficients is equal to zero, for example c = 0, equations (15) become
relations
{x, y} = ny, {y,w} = 0, {x,w} = nw − by (40)
and can be realized by
x = p1 + p2 y = e
nq2 w = −bq1enq2 (41)
or by
x = i(z1 + z2) y = ie
nz∗
2 w = −biz∗1enz
∗
2 (42)
All the other cases may be reduced to the considered ones.
Thus we have shown by construction that all 3–dimensional Lie algebras can be
realized through a classical Jordan–Schwinger map.
4 Deformed Jordan–Schwinger map
In the previous section we have realized all the 3–dimensional Lie algebras as algebras
of functions on IR3 and we have found a map, π, from IR4 to IR3 (what we call classical
Jordan–Schwinger map) which gives a realization of 3–dimensional algebras in terms
of functions on IR4. By replacing z, z∗, with creation and annihilation operators we
obtain a realization of these algebras in terms of operators, modulo ordering problems,
which have to be taken into account case by case when they occur.
Our next goal will be to consider deformed algebras, which are known in the lit-
erature as non commutative Hopf algebras or quantum groups, and we will look for a
realization of the associated commutator algebras in terms of Poisson brackets. We will
pose the problem in the following way:
Given a 3–dimensional Lie algebra, G, together with its classical realizations in F(IR3)
and in F(IR4), connected by the classical Jordan–Schwinger map
π : IR4 → IR3
which we assume to be known now, we will look for the possibility to exhibit a Jordan–
Schwinger map for the corresponding deformed algebra G∐, that is to say a realization
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of G∐ in terms of functions on IR4 and Poisson brackets. We will approach the problem
first by looking for a map
φ : IR3 → IR3
which gives the deformed generators as functions of the undeformed ones, then, by using
the classical Jordan–Schwinger map π of the undeformed algebra, we will obtain the
wanted map by composing φ and π
π′ = φ ◦ π
This situation may be visualized by the following diagram
IR3
pi′ր ↑ φ
IR4
pi−→ IR3
The map π′ is what we call the deformed Jordan–Schwinger map. Starting with a q-
deformed algebra we consider the associated commutator algebra and realize it in terms
of Poisson brackets looking for a map φ to be composed with the classical Jordan–
Schwinger map π. Of course in some cases one may find convenient to look for π′
directly, without bothering with the factorization. We give a solution, that is a deformed
Jordan–Schwinger map, for SLq(2, IR), Eq(2) and for Hq(1) (H(1) is the Lie algebra of
the Heisenberg–Weyl group).
Let us consider the Lie algebra SL(2) given by relations (2). A deformation of this
realization is obtained ([3], [4]) by setting
f(nˆi) =
√
sinhλnˆi
nˆi sinhλ
λ ∈ IR− {0} (43)
and defining
Xq+ = f(nˆ1)a
†
1a2f(nˆ2) = a
†
1qa2q
Xq− = f(nˆ2)a
†
2a1f(nˆ1) = a
†
2qa1q
Xq3 =
1
2
(nˆ1 − nˆ2) , q = eλ (44)
we get a realization of SLq(2). This is defined to be
[Xq+,Xq3] = −Xq+
[Xq−,Xq3] = Xq−
[Xq+,Xq−] =
sinh 2λXq3
sinhλ
. (45)
This realization is a generalization of the Jordan–Schwinger map to SLq(2).
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Let us look now at the classical counterpart and consider, to be definite, SL(2, IR).
What we mean by classical version of the commutators algebra associated with SLq(2)
is a Poisson algebra of functions such that Poisson brackets have the same form of
commutators (45)
{Xq±,Xq3} = ∓X˜q± {Xq+,Xq−} = sinh2λX3
sinhλ
. (46)
It can be checked that these brackets are in fact Poisson brackets, evaluating the associ-
ated Casimir 1–form, αq, and checking the Jacobi identity, which, as we said in section
3, is equivalent to show that dαq∧αq = 0. The Casimir 1–form for the Poisson structure
given by relations (46) is
αq = d {Xq+Xq− + 1
λsinhλ
(sinhλX3)2} (47)
verifying
dαq ∧ αq = 0
Let us look now at a realization of this Poisson algebra in terms of functions of the
undeformed algebra. A classical realization of SL(2, IR), is given by relations (6) or by
their real version (8). We will indicate with the subscript 0 the undeformed Poisson
structure.
To obtain the wanted realization in terms of functions on IR3 while using the Poisson
brackets (7), i. e. to find the map φ : IR3 → IR3, we have to solve the three differential
equations
{Xq±,Xq3}0 = ∓Xq± {Xq+,Xq−}0 = sinh2λX3
sinhλ
. (48)
It can be checked that a solution is given by
Xq± =
√
shλ(J + X3)shλ(J − X3)
(J +X3)(J − X3)sh2λ
√
shλ
λ
X± , Xq3 = X3 (49)
where
J =
√
(X+X− + X 23 ).
Composing the map φ with the classical Jordan–Schwinger map, π, given by (6), we
obtain the wanted map π′
π′∗(Xq+) = iζ∗1ζ2, π′∗(Xq−) = iζ∗2ζ1, π′∗(Xq3) = π∗(X3) (50)
with
ζi = f˜(iziz
∗
i )zi i ∈ {1, 2}, (51)
f˜(x) = {sinhλ
λ
} 14 f(x) f(x) =
√
shλx
xshλ
. (52)
The map π′ is what we call classical Jordan–Schwinger map for the deformed case.
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In comparing the two realizations (44) and (50), we notice that in the last one the
factor ((shλ)λ) appears signalling that in the deformation process also the Dirac map
is deformed. A similar construction can be done with real functions. Let us introduce
new real variables in IR4
πi = f˜(piqi)pi, ξi = f˜(piqi)qi (53)
where the function f˜ is given by relation (52). Then the map π′ is given by:
Yq+ = π1ξ2, Yq− = π2ξ1, Yq3 = Y3 (54)
One can check that the Poisson algebra so obtained is again the q–deformed algebra
SL(2, IR) defined by relations (45).
Let us now consider the euclidean algebra E(2). The Lie algebra commutation
relations are
[Px, Py] = 0, , [J, Px] = Py, [J, Py] = −Px. (55)
A deformation of this algebra which has been shown to be a non commutative Hopf
algebra has been given in [14], the commutation relations being
[Pxq, Pyq] = 0, , [Jq, Pxq] = Pqy, [Jq, Pyq] = − 1
λ
sh(λPx). (56)
Also in this case it can be checked that the classical analogue of (56)
{Pxq,Pyq} = 0, {Jq,Pxq} = Pyq, {Jq,Pyq} = − 1
λ
sh(λPx). (57)
satisfies the Jacobi identity, by evaluating the Casimir 1–form αq and by checking that
dαq ∧ αq = 0. As it can be verified the 1–form is
αq =
1
2
d {P2y +
2
λ2
(sinh
λ
2
Px)2} (58)
and it satisfies the wanted equation. For the undeformed algebra a classical Jordan–
Schwinger map is given by relations (27), where we make the following identification
Px = y, Py = w, J = x.
To find the map φ such that
Pxq = φ∗(Px), Pyq = φ∗(Py), Jq = φ∗(J )
we have to solve the three differential equations
{Pxq,Pyq}0 = 0, {Jq,Pxq}0 = Pyq, {Jq,Pyq}0 = − 1
λ
sh(λPxq). (59)
It can be verified that a solution is
Pxq = Px, Pyq =
√
− 2
λ2
ch(λPx), Jq = JPy
√
− 2
λ2
ch(λPx). (60)
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By composing the map φ with the classical Jordan–Schwinger map (26) or (27) we
obtain the Jordan–Schwinger map for the deformed algebra Eq(2)
π′∗Pxq = π∗Px, π′∗Pyq =
√
− 2
λ2
ch(λπ∗Px), π′∗Jq = π
∗J
πPy
√
− 2
λ2
ch(λπ∗Px). (61)
Finally we consider the Heisenberg–Weyl group H(1). The Lie brackets for the
algebra H(1) are given by
[X,Y ] =W, [W,X] = 0, [W,Y ] = 0.
A realization of this algebra as a Poisson subalgebra of F(IR4) is given by relations (30)
and (31), which are respectively a real and a complex realization. A q–deformation of
the Heisenberg–Weyl algebra, which turns out to be a non commutative Hopf algebra
has been given in [14], the deformed commutators being
[Xq, Yq] =
shλW
λ
, [Wq,Xq] = 0, [Wq, Yq] = 0. (62)
The classical analogue of (62), that is
{Xq,Yq} = shλW
λ
, {Wq,Xq} = 0, {Wq,Yq} = 0 (63)
can be shown to be a Poisson algebra by evaluating the associated Casimir 1–form,
which turns out to be
αq = d
cosh(λW)
λ2
(64)
and verifying that dαq ∧ αq = 0. A realization of this algebra as a Poisson subalgebra
of F(IR3), whose generators are functions of the undeformed ones
Xiq = φ∗(Xi)
can be verified to be
Xq = X , Yq = sh(λW)
λ
Y
W , Wq =
sh(λW)
λ
. (65)
Composing then the map φ with the map π (the classical Jordan–Schwinger map), we
obtain
π′∗(Xq) = iz1, π′∗(Yq) = iz∗1
sh(λz2)
λ
, π′∗(Wq) = ish(−λz2)
λ
(66)
where we have used the complex realization of π given by relations (31). Relations(66)
give then a possible choice for the classical deformed Jordan–Schwinger map of the
Heisenberg–Weyl algebra.
Before closing this section we would like to make a few remarks on the deformation
procedure regarded in a classical setting.
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As we have briefly sketched in section 3, Poisson structures on IR3 can be charac-
terized by their Casimir 1–form, α, satisfying the condition dα ∧ α = 0 and their
properties can be restated in terms of the 1–form. The most general expression for α is
given by relation (18), which we write again for our convenience
α = n(ydw − wdy) + d1
2
(ax2 + by2 + cw2).
If we consider now
α = n(f dg − g df) + d1
2
(ah2 + bf2 + cg2) (67)
with f = f(x, y, w, η), g = g(x, y, w, λ), h = h(x, y, w, τ), then (67) provides
a general deformation of our algebras as long as f(x, y, w, 0) = y, g(x, y, w, 0) =
w, h(x, y, w, 0) = x. If df ∧ dg ∧ dh 6= 0, we can think of our deformation
as a change of coordinates on IR3 associated with possible change of coordinates on
IR4. We can say that we are picking a different subalgebra of functions in the Poisson
algebra (F(M), { , }0), or we can say that we have performed a nonlinear noncanonical
transformation taking us from one Poisson bracket to another. Both view points are
equivalent and acceptable. Let us consider now our specific examples. A possible multi-
parametric deformation of the 1–form α would be
α(λ, η, τ) = n([y]ηd[w]λ − [w]λd[y]η) + d1
2
(a[x]2τ + b[y]
2
η + c[w]
2
λ) (68)
where [r]σ are the Tchebyshev polynomials
[r]σ =
σr − σ−r
σ − σ−1 .
We find then that SL(2, IR) algebra is obtained by setting n = 0 and choosing τ →
1, η → 1, we get the deformed 1–form for SL(2, IR) (4), which leads to the deformed
Poisson brackets (46). For n = 0, c = 0 and τ → 1 we get the deformed 1–form (58)
and then Eq(2); finally, for n = 0, b = 0 and τ → 1, we get the 1–form (64) which leads
to Hq(1).
Despite of the fact that we have been able to obtain some known results, up to
now this only provides a way to reinterpret the deformation procedure at the classical
level, not to give new Hopf algebras, the reason being that we are not able to give a
prescription which should be satisfied by the deformed Poisson algebras to make the
corresponding operator algebras into Hopf algebras. We hope to come back to this issue
in the near future.
5 Analogue of quantum and classical Jordan–Schwinger
map for arbitrary Lie algebras
We make a few comments here on the possibility to realize commutation relations for
a Lie algebra of higher dimensions, in terms of Poisson brackets. Realizations for an
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arbitrary Lie algebra are based on a known procedure from second quantization ([15]).
To exemplify, let us consider three N ×N matrices A, B, C which satisfy the relation
[A,B] = C;
we can construct then three operators
Aˆ = Aika
†
iak Bˆ = Bika
†
iak Cˆ = Cika
†
iak
which reproduce the initial commutation relation
[Aˆ, Bˆ] = Cˆ.
Here operators ai, a
†
i are either bosonic ones i.e.
[ai, a
†
k] = δik [ai, ak] = 0
or fermionic ones, i.e.
[ai, a
†
k]+ = δik [ai, ak]+ = 0
Due to that, given M generators-matrices of any N–dimensional Lie algebra representa-
tion (Lα)ik, i, k = 1, ...N α = 1, ...M with
[Lα, Lβ] = c
γ
αβLγ (69)
then the operators
Lˆα = (Lα)ika
†
iak (70)
realize the same Lie algebra in both cases of bosonic and fermionic nature of the opera-
tors ai, a
†
i . Below we will have in mind bosonic operators. Then it is easy to check that
classical analogues of (70)
L˜α = (Lα)ikz
∗
i zk (71)
give a realization of the same Lie algebra in terms of Poisson brackets. Namely we have
{L˜α, L˜β} = cγαβL˜γ . (72)
In this sense we could always have Lie algebra realizations in terms of Poisson brackets
of this type. Once we have this realization for Lie algebras, we can extend it to deformed
algebras.
We can cast these comments in our geometrical framework by noticing that with
any N × N matrix A we can associate a vector field XA = Aijxj ∂∂xi acting on IRN .
By considering now T ∗IRN we get a natural realization in terms of Poisson brackets
by using functions fA = A
i
jx
jpi. If, on the other hand, we complexify IR
N to get CN
we can consider a natural symplectic structure ω =
∑
a dz
†
a ∧ dza a ∈ {1, ...N} and
associate a complex valued function with any matrix, namely ζA = A
i
jz
jz∗i . It would be
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possible to consider also Grassmann variables to get the classical analogue of fermionic
variables.
It should be remarked that once we realize our algebra in terms of vector fields,
we can perform any non linear coordinate transformation on IRN without spoiling the
commutation relations of our vector fields.
From what we have said, it is clear that out of any finite dimensional representation
of a Lie algebra we can construct a realization in terms of Poisson brackets and use this
realization to undertake deformations.
6 Extension of Jordan-Schwinger map to Uq(n)
. We will consider now the Lie algebra of U(n) and its deformation, which is given in
[16] and, in terms of q–oscillators, by [17] ; we will look for an extension of previous
results to it. The generators Tik of the Lie algebra U(\) may be constructed from the
creation and annihilation operators (ai, a
†
i )(i = 1, .., n) in such a manner
Tik = a
†
iak (73)
and they will satisfy the commutation relations
[Tik, Tmn] = Tinδkm − Tmkδin (74)
A q-deformation of this algebra may be produced using the relations
aiq = aif(nˆi)
Tqik =
1
sinhλ
Tik
√
sinhλ(Tii + 1) sinhλTkk
(Tii + 1)Tkk
= a†iqakq i < k
Tqii = Tii (75)
with
Tqik = T
†
qki for k < i (76)
and inverse
Tik = (sinhλ) Tqik
√
Tqkk(Tqii + 1)
sinh(λTqkk) sinh(λTqii + 1)
i < k
Tik = T
†
ki k < i
Tii = Tqii . (77)
The operators Tqik satisfy the following relations
[Tqik, Tqmn] = 0, i 6= m,n and k 6= m,n (78)
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Since the relations (73) hold, the generators Tqik given by (75) may be realized as
functions of creation and annihilation operators. Let us specialize to the case N=3.
The deformed U∐(∋) has three subalgebras U∐(∈) which are realized by
T qii, T
q
ik, T
q†
ik , T
q
kk i, k = 1, ...N (79)
and happen to be the standard q–deformed U∐(∈), with commutation relations
[T qik, T
q†
is ] = −T qskF (T qii) . (80)
The function F (x) is given by
F (T qii) =
shλ(T qii + 1)− shλT qii
shλ
. (81)
For λ→ 0 this function becomes
Fl(T
q
ii) =
chλT qii
shλ
. (82)
This expression will be useful in the classical analogy which we are going to treat.
Let us consider now a classical realization of the q–deformed U(\) algebra in terms
of Poisson brackets. The classical Jordan–Schwinger map gives
T qik = iζ∗i ζk
where
ζi = f˜(ini)zi ,
f˜ is given by (52), and
{ζiq, ζ∗kq} =
−iλ
shλ
ch(λ|ζi|2)δik . (83)
As we can see from equations (80), (82) and (83), the realization in terms of Poisson
brackets agrees with the one in terms of commutators only in the limit λ→ 0 or, which
is the same, q → 1. Namely we have
{T qik,T q∗is } = −T qskFl(T qii ) +O(λ) . (84)
Thus, the q–deformation of the classical U(∋) algebra with generators
Tik = iζ∗i ζk (85)
and commutation relations
{Tik,Tis} = (Tinδkm − Tmkδin) (86)
gives back the subalgebras U∐(∈) in the limit of λ small.
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7 Conclusions
In this paper we have generalized the definition of Jordan–Schwinger map to any three–
dimensional Lie algebra. Lie algebras are classically realized, in the sense that the Lie
product is given by a Poisson bracket and the generators are realized as functions. We
have considered then examples of deformations of these Poisson subalgebras, which give,
through the Dirac map, non commutative Hopf algebras already known in the literature.
In this classical setting we reinterpret the deformation procedure as a deformation of
the Casimir 1–form associated to the Poisson structure characterizing the algebra. It is
still missing how to implement in our classical procedure additional ingredients to be
related to the notion of Hopf algebra, which appears once the algebras are realized in
terms of operators. We hope to come on that in the next future. All this would allow
thinking that new ways leading to quantum groups might exist starting at this classical
level.
There is a second problem which is interesting in our opinion, but still open. We
could think of extending the domain of the Jordan-Schwinger map to symplectic man-
ifolds different from Cn. As we mentioned above, the given examples of Lie algebras
realizations in terms of Poisson subalgebras might be related to the T ∗G and T ∗(G/K)
structures. Some other examples of classical realizations of three dimensional Lie alge-
bras already exist in the literature ([18]). Nevertheless the problem of an exhaustive
classification of all possible symplectic realizations of Lie algebras needs extra investi-
gation and we are working on that.
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